The aim is to increase the mixing potential of ion species in micro and nano channels with heterogeneous surface potential. We discuss the generation of vortical flow, due to the presence of wall heterogeneity at different locations in the channel. The flow characteristics are obtained by numerical solution of the Poisson equation, the Nernst-Planck equation, and the Navier-Stokes equation, simultaneously. A numerical method based on the pressure correction iterative algorithm is adopted to compute the flow field and mole fraction of the ions. The strong recirculation vortices which appear above the heterogeneities generate a strong pressure gradient which increases mixing performance.
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of electroosmotic flow in micro and nano channels and the flow enhancement obtained from potential patches and blocks.
A micro channel with nonuniform ζ potential induces strong vortices in the eof [5, 6] . Erickson and Li [6] found that the re-circulation is strongest when the ζ potential of the heterogeneous surface is of equal and opposite sign to that of the homogeneous surface. Fu et al. [7] observed that a step change in ζ potential causes a significant variation in the velocity profile and pressure distribution. Watzig et al. [8] conducted an experimental study of surface roughness in both electrophoresis and electroosmosis in micro and nanochannels. Micro and nanofluidic channels have surface roughness of a few angstroms to a few micrometers. It is possible to achieve atomic flatness on the inner surfaces.
Major studies of eof in homogeneous and heterogeneous channel are based on the Boltzmann distribution of ions, which leads to the Poisson-Boltzmann (pb) equation for electric potential. Although the computational cost of the numerical computation of the exact Nernst-Plank (np) model is high compare to that of the simple pb model, the advantages of the np model overshadow this weakness. When the channel height is comparable to the edl thickness, the core of the channel is no longer electrically neutral and hence the validity of the pb equation is questionable. Additionally, the Boltzmann distribution neglects the convection effect and the external electric field. For eof near a steep jump in surface potential or close to surface roughness, the convection effect may not be negligible.
One of the objectives of the present study is to investigate the flow characteristics due to np model heterogeneity in wall potential. To validate our results (np model) with the pb model (i.e., symmetric boundary condition at the center line) one steady eof comparison was calculated, since the np model does not require the centerline symmetry condition or the low surface potential restriction.
In this article, the eof in a nano mixing channel is considered by placing several overpotential patches at different locations on the channel walls, C50 (a)
(b) where the patch length is of the order of the channel height. Two different configurations of the overpotential patches on the channel walls are considered.
(I) Four overpotential patches are placed symmetrically along the channel walls, that is, overpotential patches of equal length are placed on opposite sides of the channel at channel heights y = 0 and y = 1 (Figure 1(a) ).
(II) Three overpotentials are placed asymmetrically, that is, between two overpotential patches in the lower wall, y = 0 , one overpotential patch is placed in the upper wall, y = 1 (Figure 1(b) ).
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Formulation
For the flow configuration we consider a long rectangular channel of nano constrained height. The channel is filled with an incompressible Newtonian electrolyte of uniform permittivity e and viscosity µ under the influence of an external electric field along the length of the channel, say x-axis. The surface heterogeneity is created by a stepwise surface potential, as shown in Figure 1 (a). In Figure 1 (a) the plus and minus patterns illustrate the symmetrical heterogeneous surface with equipotential surfaces of length L + and L − , positioned on the lower and upper channel walls. The L + and L − regions have potentials ψ + and ψ − , respectively. For computational purposes we considered a channel of height h with patches (corresponding to ψ + regions) of length l ∼ O(h) (see Figure 1 (b) for the asymmetric configuration). We assume that the electrodes are placed at the inlet and outlets of the channel and there is a constant imposed electric field in the x direction.
The dimensional electric field E * = (E x , E y , E z ) satisfying Maxwell's equation, E * = −∇Φ * , is governed by
where ρ e is the charge density per unit volume, Φ * the electric potential, F is the Faraday's constant, c i is the molarity of ith ion species and c is the total molar concentration which is assumed to be a constant. Here X i = c i /c and z i is the valence of species i. The superscript * denotes a dimensional quantity.
The electric potential Φ * (x, y, z) = −E 0 x + φ * (x, y, z) . Here, E 0 is the externally applied electric field, which is constant, and φ * is the induced electric potential. Using equation (1), the nondimensional form of the perturbation potential for monovalent ions is
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The potential is scaled by φ 0 =RT /F where R is the gas constant and T is the temperature of the liquid. The width of the channel is W and for nondimensionalization we use (l, h, W) for coordinates (x, y, z) , for example, x = x * /l . We define 1 = h/l and 2 = h/W .
We assume the electrolyte consists of sodium ions and chlorine ions, with Na + and Cl − the number of moles of sodium ions and chlorine ions, respectively. So, i z i X i = X + − X − = g − f , where X + = g = Na + /c is the mole fraction of the sodium cations and X − = f = Cl − /c is the mole fraction of the chlorine anions.
The fluid and transport properties are assumed to be constants. The molar flux of species i oriented perpendicularly to the flow is
Here u * (u, v, w) is the velocity field of the fluid and D i is the diffusion coefficient of the ith species. The mobility ω i is defined by the Nernst-Planck equation ω i = D i /RT . The transport equation for species i in steady eof is governed by ∇ · n i = 0 .
Using equations (3) and (4), the concentration equation for molar flux in nondimensional form is
The nondimensional electric field components are E x = . The velocity components are scaled by the electroosmotic velocity U 0 , where U 0 = e E 0 φ 0 /µ . The Reynolds number is Re = U 0 h/ν , the Schmidt number is Sc = ν/D i and the Peclet number is Pe = Re Sc , where µ is the coefficient of viscosity and ν is the kinematic viscosity.
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The nondimensional steady state equations of motion for the ionized fluid with electroosmotic body forces are The width of the channel is of the order of the length of the channel, which is much larger than the height of the channel, so 2 = h W 1 . Thus all gradients with respect to z are neglected and the flow is treated as two-dimensional.
The wall mole fractions are obtained on the assumption that the average electrochemical potential in the channel is the same as that in the reservoir. Zheng et al. [9] described the procedure to obtain wall mole fractions from the electrochemical equilibrium requirements. Since the electrolyte consists of monovalent cation and monovalent anions (sodium and chlorine) the mole fraction sum is one at the boundary. The potential along the wall is set to zero, since only the difference in potential matters. The channel is assumed to be sufficiently long upstream and downstream of the wall mounted patches and the flow is assumed to be a fully developed eof far upstream and downstream of the patches. The total channel length is 2L with ends at x = ±L and the C54 patches centred about x = 0 . Thus the boundary conditions far upstream (x = −L) are
Far downstream (x = L) Neumann boundary conditions are applied:
On the channel walls (y = 0 and y = 1) but not about the patches,
The boundary conditions along the patches are
The values u in , φ in , g in , f in are for fully developed eof. These are obtained by solving similar governing equations with the symmetry conditions. The nondimensional overpotential along the patches is φ p and the corresponding wall mole fractions are f p = f 0 e φ p and g p = g 0 e −φ p , which satisfies the equilibrium condition of the electrochemical potential at y = 0 and y = 1 . Thus the wall ζ potential is equal but opposite to the patch potential.
For computational purposes the mole fractions are scaled with the wall value g 0 , that is,ḡ = g/g 0 ,f = f/g 0 . The governing equations are invariant to the rescaling of the mole fractions by the parameter δ 2 = 2 /βg 0 . The governing nonlinear coupled set of pdes are solved through a numerical scheme based on the simple (semi-implicit method for pressure-linked equations) algorithm. The Poisson equation for potential (Eq. (2)) is solved through a successive over-relaxation (sor) technique. The algorithm was tested for accuracy by comparing with previously published results [11] . For validation, a comparison of the streamwise velocity is made with the lattice Boltzmann C55 solution obtained from the Poisson-Boltzmann model (lpbm) for a channel height of 0.8 µm, as presented by Wang et al. [10] . The comparison is shown in Figure 2 for different values of the external electric field and ζ potential. Figure 2 shows excellent agreement with our computed solution based on the np model. The difference between two results is 0.5% for E 0 = 500 V/m and 0.1% for E 0 = 10 3 V/m. Hence, at higher channel heights with larger external electric potential, the np and pb models show very little difference.
Results and discussions
The eof considered for the simulation process is a strong electrolyte case, where water is the solvent and NaCl is the electrolyte solute. For a strong electrolyte case, the molar concentration at the wall is Na + = 0.154 M, Cl − = 0.141 M and for water, 55.6 M. These correspond to a edl thickness of 0.8 nm. Physical parameters of the medium (water) are the dielectric constant 78.54, viscosity µ = 10 3 kg/ms and density ρ = 1000 kg/m 3 . The temperature of the solvent is 300 K, and the external electric field is 10 6 V/m. The overpotential (dimensionless) along the patches is φ p = 0.2 , which corresponds to an edl thickness of 0.78 nm. Away from the patches, the flow is predominantly along the direction of the applied electric field which is similar to what is observed in the case of a plane nano channel. In this region (far away from the patches), the bulk fluid is electrically neutral (h > 10 nm) and the flow is governed by the viscous effect, which leads to a constant bulk flow. The edl which forms along the patches is different to the edl which forms along the channel walls, resulting in a fluid flow rate difference.
For a pressure driven flow, flow separates from the channel wall when there is any wall nonhomogeneity for any value of the Reynolds number [4] . The mechanism of the eof is different from that of a pressure driven flow. The adverse pressure gradient close to the patches, which is very high compare to the plane eof, induces a flow separation. The streamlines for heterogeneous channel walls is presented in Figure 3 [10] . C57 channel walls is created by symmetrically arranged external patches with φ p = 0.2. The dimensional potential outside the patches is set at 25 MeV for a channel height of 50 nm. The plug flow nature of the velocity, which is the classical form of the electroosmotic flow velocity profile, emerges far upstream and downstream of the patches. The velocity and the potential behaviour far upstream and downstream of the patches is due to the negligible convective effects. The streamlines for asymmetrically placed potential patches along the channel walls is presented in Figure 3(b) . The streamlines show the presence of a negative vortex adjacent to the potential patch for both symmetric and asymmetric cases. The length of the vortex is reduced for asymmetrically placed potential patches, where the edl strength is low.
The flow approaches an irrotational nature both upstream and downstream of the patches. The flow acceleration in the region above the vortex is maximum. The streamline patterns show that the fluid velocity is enhanced in the case of a asymmetric heterogeneity compare to symmetric heterogeneity. A comparison of the pb and np model is presented in Figure 2 . It shows that at larger channel heights the pb the np model show very similar flow profiles.
The distribution of mole fractions for the symmetrically arranged patches, using the same physical parameters as above, are presented in Figure 4 (a). This figure shows that the bulk fluid is electrically neutral, except near the patches. The surplus of positive ions (g) in the regions above the potential patches is evident. We find from the distribution of g and f that the convection has almost no effect on the molar concentration of ions in the core region. The distribution of mole fractions for asymmetrically arranged patches is presented in Figure 4 (b). The mole fraction distribution along the heterogeneous region shows non-neutrality in the core region of channel, which may cause maximum mixing enhancement.
An important application of nonuniformity in the wall potential for eof, particularly in biology, is the enhancement of mixing of different chemical species. The proposed mixing scheme is quantified by evaluating the mixing efficiency [11] ,
where C is the species concentration, C ∞ is the species concentration in the perfectly mixed condition (concentration for a fully developed flow after a steady state), and C 0 is the species concentration in the completely unmixed condition (at the initial stage). Thus, a mixing efficiency σ = 100% indicates a perfectly mixed state, while a mixing efficiency σ = 0% indicates a completely unmixed state. The distribution of pressure along the x-axis for symmetrically arranged patches and for two different y values is shown in Figure 5 when h = 50 nm and φ p = 0.2 for the case of a strong solution. The distribution of pressure clearly shows that the pressure is high near the upstream side of the patch, and a strong high pressure gradient develops above the patches.
The mixing efficiency for both the symmetric and asymmetric cases with height h = 50 nm and φ p = 0.2 is presented in Figure 6 . The mixing performance is enhanced when the asymmetric condition is applied. For eof in micro or nano channels, various design parameters are also effective for the mixing of species. For long micro or nano channels, mixing is purely diffusive and hence the mixing efficiency is poor. The mixing efficiency of a straight channel is 0.5272, and our results show that the introduction of potential patches significantly increases the mixing efficiency from 65% to 85%.
